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Wprowadzenie. Nieco fizyki
T. KIBÉDI and R. H. SPEAR Electric-Octupole Transition Probabilities

material contained in the Introduction section ofRef. [1] is re-
peated, particularly the various mathematical formulas used.

Excitation Energies of 3−
1 States

Table I is a compilation of excitation energies Ex (3−
1 ) of

all 3−
1 states known to the present authors. For each nuclide

the value listed refers to that state which, on all available
evidence, is considered to be the strongest candidate for 3−

1 .
Most of the data have been taken from Nuclear Data Sheets
and similar compilations. Parentheses indicate that there is
some doubt about the 3− assignment. Uncertainties shown
are those given in the source documents, except that they
have been rounded off so that the error contains 2 to 19 units
of the last signif cant decimal.

In the case of 136Ba, it has been suggested [13], from
(n, n ′γ ) studies, that there is a level at Ex = 2431 keV with
Jπ = 3−. However, this level has not been observed in other
reactions, and for present purposes it will be assumed that
the well-known 3− level at 2532 keV is the 3−

1 state.
Values of Ex (3−

1 ) listed in Table I are plotted in Figs.1a,
2a, and 3a versus A, Z, and N respectively (A is the mass
number, Z is the atomic number, and N is the neutron num-
ber). The plots conf rm the shell-structure effects indicated in
Ref. [1]. Peaks are clearly evident at Z = 28, 50, and 82 and
at N = 28, 50, 82, and 126. There are again no peaks at the
magic numbers 8 and 20, but the suggestions of peaks at Z =
12 and N = 12 are stronger. As noted in Ref. [1], the peaks
in the Ex (3−

1 ) data are broader and with a smaller peak-to-
background ratio than those in corresponding plots of Ex (2+

1 )
data. The depression in Ex (3−

1 ) data at A 
 220–230 noted
in Ref. [1] is more def nite in the present work.

Values of B(E 3; 0+
1 → 3−

1 ) Determined from Various
Experimental Procedures

Values of B(E3)↑ have been determined using a variety
of experimental procedures. In Ref. [1] a brief review is given
of eachof theseprocedures, includingdiscussionof their limi-
tations and of the precautions thatmust be taken to ensure reli-
able results. Thismaterialwill not in general be repeated here.

The tables include all the data listed in Ref. [1], together
with all subsequently published information known to the
authors. Also included are a few results published prior to
1989, but overlooked in the preparation of Ref. [1].

Coulomb Excitation

The determination of reduced electric transition proba-
bilities by Coulomb excitation is model-independent. How-
ever, to obtain reliable results, it is necessary to ensure that
bombarding energies used are suff ciently low so that contri-

FIG. 1. (a) Excitation energy, Ex (3−
1 ), of the f rst 3

− state in even–
even nuclides as a function of mass number A (Table I). The open circles
correspond to doubtful assignments. The lines connect isotopes. (b) Single
particle strength, |M(E3)|2, as a function of mass number A for 0+

1 → 3−
1

transitions (column 6 of Table VII).

butions from nuclear interactions are negligible and to make
appropriate corrections for higher-order effects.

Values of B(E3)↑obtained fromCoulombexcitation are
presented in Table II. Uncertainties shown are those given by
the original authors.

Lifetime Measurements

The determination of B(E3)↑ values frommeasurement
of nuclear lifetimes ismodel independent. However, a knowl-
edge of the lifetime is not in itself suff cient; it is also nec-
essary to know the ground-state branching ratio, that is, the
fraction of 3−

1 state decays which proceed by E3 radiation to
the ground state. There are many nuclides for which the life-
time of the 3−

1 state is known but for which the ground-state
branching ratio has not been determined. The B(E3)↑ value
is deduced using the formula

B (E3)↑ = 1.226 × 10−8/(
E7

γ τE3
)
e2 b3, (1)

where Eγ is the γ -ray energy in MeV, and τE3 is the partial

37 Atomic Data and Nuclear Data Tables, Vol. 80, No. 1, January 2002

T. Kibedi & H. Spears, At.Data Nucl.Data 80,
35–82 (2002)

Taking ‘prolate’, ‘oblate’ and ‘triaxial’ nuclei as the those
with β2�0.05 with γ<1.5°, 58.5°�γ�60° and
1.5°�γ<58.5°, respectively, 54% of even–even nuclei are
quadrupole deformed. Among them, the ratios of prolate,
oblate, and triaxial nuclei are 70%, 12%, and 18%,
respectively.

3.2. Octupole deformed nuclei

Figure 2 shows the absolute values of β3 for nuclei with finite
octupole deformation in their ground states. About 30 even–
even nuclei appear in the nuclear chart which are located in
the region of 84<N<88 with 54<Z<70, and
130<N<136 with 84<Z<92. These regions are con-
sistent with those in previous studies [11], and indicate that
the correlation among single-particle states with Δl=3
induces spontaneous breaking of the rotational and parity
symmetries. Although our model allows any nuclear defor-
mation including β3m : m=1, 2, 3, we have found only the
axial octupole deformation of the pear shape (β30>0.000).

In table 1, we show the calculated deformation parameters
(β3, β2, γ) for octupole deformed nuclei with b ¹ 0.3 They are
qualitatively consistent with experimental data and former
works, although there are some differences. For instance, the
experimental data for 220Rn and 224Ra [13] suggest that both β2
and β3 are larger in

224Ra than in 220Rn, which is consistent with
our results. The deformation parameters obtained in the phe-
nomenological analysis of [14] are also consistent with our

results for 224Ra. However, for 226Ra and 224,226Th, our calcul-
ation predicts the ground states with no octupole deformation.
This is different from the result of [14]. The number of octupole
deformed nuclei in our work is smaller than the previous study
with the macroscopic–microscopic approach [12]. This may be
due to the presence of effective mass and the difference in
pairing interaction. Actually, the number of quadrupole
deformed nuclei is also smaller than [10]. We understand that
the pairing energy functional in the present study is slightly
stronger than the former works. The strength of the pairing
seems to be a key element for the octupole instability. A chart of
nuclear deformation of both quadrupole and octupole shapes
will give important information on the shell structure and pairing
correlations. A further analysis is in progress.

3.3. Octupole correlations

To investigate the potential energy surface as a function of
octupole deformation, constrained HF+BCS calculations
were performed. Figure 3 shows the potential energy surface
of 144Ba with respect to the octupole deformation parameters.
An experimental signature for the octupole deformation of
144Ba has recently been measured [15]. The circle, square,
triangle and cross symbols correspond to the results calcu-
lated with using the octupole constraints for β3m : m=0, 1, 2,
3, respectively. To calculate these potential surfaces, we

Figure 2. Same as figure 2, but for the absolute value of the octupole
deformation parameter β3.

Table 1.Octupole and quadrupole deformation parameters (β3, β2, γ)
for octupole deformed nuclei in this work.

β3 β2 γ

142Xe 0.061 0.12 0°
144Xe 0.086 0.17 0°
144Ba 0.110 0.16 0°
146Ba 0.124 0.20 0°
144Ce 0.076 0.12 0°
146Ce 0.115 0.17 0°
150Sm 0.075 0.20 0°
150Gd 0.056 0.10 0°
196Dy 0.078 0.07 0°
198Dy 0.117 0.08 0°
200Er 0.112 0.08 0°
202Er 0.129 0.07 0°
204Er 0.161 0.11 0°
200Yb 0.043 0.05 0°
202Yb 0.100 0.07 0°
204Yb 0.120 0.06 0°
216Pb 0.066 0.01 —
218Pb 0.088 0.01 —
220Pb 0.004 0.00 —
220Rn 0.160 0.13 0°
222Rn 0.159 0.15 0°
222Ra 0.170 0.16 0°
224Ra 0.168 0.18 0°
220Th 0.136 0.12 0°
222Th 0.161 0.14 0°
220U 0.112 0.10 0°
224U 0.165 0.16 0°
226U 0.183 0.18 0°

Figure 1. Absolute value of the quadrupole deformation parameter
β2 calculated with the SkM* parameter set. The red (blue) color
means that the nucleus has a well quadrupole-deformed (spherical)
shape. See the text for details.

3

Phys. Scr. 92 (2017) 064005 S Ebata and T Nakatsukasa

S. Ebata and T. Nakatsukasa, 2017, Phys.
Scr. 92 064005

to a non-zero value of the octupole correlation energy in all the nuclei considered and as large
as 1.5 MeV, as shown in panel (b). The parity RVAP produces the largest correlation energy
increase in octupole soft nuclei whereas the increase is essentially zero in those nuclei which
are octupole deformed at the HFB level. The RVAP correlation energy shows some amount
of shell effects as its value tend to be small close to magic proton and neutron numbers.
Finally, the GCM correlation energy includes in its definition the symmetry breaking HFB
correlation energy, the parity RVAP one as well as the correlation energy gained by the
fluctuating octupole degree of freedom. This correlation energy is largest in those regions
showing octupole deformation at the HFB level as observed in panel (c) of figure 1. The
GCM correlation energy can be as large as 2.5MeV. In the regions in between the correlation
energy is not as large and is typically of the order of 1 MeV changing smoothly as a function
of proton and neutron number and showing no indication of strong shell effects. At this point
it can be concluded that ground state octupole correlation energies are not going to impact in a

Figure 1. Color scale representation of the octupole correlation energy gain as
compared to HFB results preserving reflection symmetry. In panel (a) the HFB
correlation energy gained by breaking reflection symmetry. In panel (b) the parity
RVAP correlation energy. In panel (c) the octupole GCM correlation energy.
Horizontal and vertical dotted lines correspond to magic proton and neutron numbers.

J. Phys. G: Nucl. Part. Phys. 42 (2015) 055109 L M Robledo
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Elementarne własności zmiennych oktupolowych

7-wymiarowa nieprzywiedlna reprezentacja grupy O(3), P =−I
Zmienne zespolone α3µ =αµ,µ=−3, ...,3 z warunkiem

α−µ = (−)µα∗
µ

Działanie grupy SO(3), ω= (φ,θ,ψ) — kąty Eulera

α̃µ =
∑
ν

D3
µν(ω)αν, D3

µν(ω) = eiµφd3
µν(θ)eiνψ

Dwa podstawowe przykłady

1.
r(θ,φ) = r0

(
1+∑

µ
αµY ∗

3µ(θ,φ)
)

2.
αµ ∼

〈
Q3µ

〉
, Q3µ ∼

∑
i r3

i Y3µ(θi,φi)
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Elementarne własności, cd.

Zmienne rzeczywiste a0,am,bm,m = 1,2,3

αµ = (aµ+ ibµ)/
p

2

α0 = a0

α−µ = (−)µ(aµ− ibµ)/
p

2

Działanie grupy SO(3)

ãm =∑
k0 T++

mk (ω)ak +
∑

k>0 T−+
mk (ω)bk

b̃m =∑
k0 T+−

mk (ω)ak +
∑

k>0 T−−
mk (ω)bk

T±±
mk (ω) ∼

{
cosmφ

sinmφ

}
d3

mk(θ)

{
cosmψ

sinmψ

}
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Elementarne własności, cd.

Jeszcze raz działanie grupy SO(3)

α̃µ = D(+)
µ0 (ω)a0 +

∑
k>0

(
D(+)
µk (ω)ak +D(−)

µk (ω)bk

)
D(+)
µ0 =D3

µ0

D(+)
µk = (

D3
µk + (−)kD3

µ,−k

)
/
p

2

D(−)
µk = i

(
D3
µk − (−)kD3

µ,−k

)
/
p

2

D(+)
µk ,D(−)

µk tworzą macierz unitarną (tak jak Dµµ′)

Analogiczne definicje dla kwadrupoli i innych multipoli
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Specyfika przypadku kwadrupolowego (QC), układ wewnętrzny

Ï Elipsoida,
∑3

i,j=1 Bijxixj = 0

Ï Tensory jako symetryczne, bezśladowe macierze kwadratowe 3×3,
W̃ = RWRT

Ï Układ wewnętrzny: układ osi głównych elipsoidy, postać diagonalna
macierzy symetrycznej

(ã2m, b̃2m) → (a20,a22,ω)

ω ←− a21 = b21 = b22 = 0 czyli α±1 = 0,α2 =α−2

a20 =βcosγ, a22 =βsinγ
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Układ wewnętrzny, grupa oktahedralna Oh ⊂ O(3)

Niezmienniczość ze względu na grupę Oh
Nieprzywiedlne reprezentacje Oh

IR A±
1 A±

2 E± F±
1 F±

2
dim 1 1 2 3 3

QC E+ : a20,a22

F+
2 : a21,b21,b22

Przestrzeń oktupolowa

A−
2 : b = b3

F−
1 : fx =

p
3/8a1 −

p
5/8a3, fy =

p
3/8b1 +

p
5/8b3, fz = a0

F−
2 : gx =

p
5/8a1 +

p
3/8a3, gy =−

p
5/8b1 +

p
3/8b3, gz = a2
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Układ wewnętrzny, cd.

αµ→ (am,bm) → (b, fs,gs)

α̃µ = Aµ(ω)b+ ∑
s=x,y,z

[Fµs(ω)fs +Gµs(ω)gs]

Funkcje „kubiczne”

Aµ(ω) = D(−)
µ2 (ω)

Fµx(ω) =
p

3/8D(+)
µ1 (ω)−

p
5/8D(+)

µ3 (ω),

Fµy(ω) =
p

3/8D(−)
µ1 (ω)+

p
5/8D(−)

µ3 (ω),

Fµz(ω) = D(+)
µ0 (ω)

Gµx(ω) =
p

5/8D(+)
µ1 (ω)+

p
3/8D(+)

µ3 (ω)

Gµy(ω) =−
p

5/8D(−)
µ1 (ω)+

p
3/8D(−)

µ3 (ω)

Gµz(ω) = D(+)
µ2 (ω).
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Kilka przykładów powierzchni „oktupolowych"

Oktupoloida

r(θ,φ) = r0(1+∑
µ
αµY ∗

3µ(θ,φ)) = r0

(
1+bvb(θ,φ)+∑

s
fsvfs

(θ,φ)+∑
s

gsvgs
(θ,φ)

)
Przykład

vfx
=p

2
(p

3/8ReY31 −
p

5/8ReY33

)
=

p
7x(3y2 +3z2 −2x2)

4
p
πr3 ∼ F0x

fz = 0.4 gz = 0.4
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Rysunki, cd.

b = 0.4 b = fs = gs = 0.3

-1.5 -1 -0.5  0  0.5  1  1.5-1.5
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Układ wewnętrzny, cd.

A−
2 ⊕F−

1 ⊕F−
2

αµ→ (am,bm) → (b, fs,gs)

Układ wewnętrzny dla oktupoli, dwa warianty:

αµ→
{

F : (b, fs,ω), ω← gs = 0

G : (b,gs,ω), ω← fs = 0

Dla F

αµ = Aµ(ω)b+ ∑
s=x,y,z

Fµs(ω)fs

Czy warianty F , G są równoważne?
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Układ wewnętrzny, cd.

„Przejście do układu wewnętrznego" — zamiana zmiennych

Wybrane gólne własności zmiennych wewnętrznych
Ï Moment pędu — funkcja ω,∂ω
Ï Energia potencjalna nie zależy od ω
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Własności analityczne, QC

Jakobian, jednoznaczność, minimalny zakres

|detZQC | = 2|(a2
22 −3a2

20)a22|sinθ = 8β3 sin3γsinθ

γ
=
π
/3

γ
=

2π
/
3

γ
=
−
π
/
3

γ
=
−

2
π
/3

a0

a2

γ= ± π
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Własności analityczne, oktupole

Jakobian

|det JF | = 8
(
b3 −15b(f 2

x + f 2
y + f 2

z )/16+15
p

15fxfyfz/32
)

sinθ = df sinθ

|det JG | = 15
p

15gxgygz sinθ/4 = dg sinθ

Jednoznaczność, minimalny zakres zmiennych b, fs,gs

fy

fz

fx

(a)

(b)

(c) det JF = 0,b = 0.5
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Baza NC w przestrzeni stycznej

Ogólnie [∂qi
], q̃j = q̃j(q) ∂q̃j

=∑
k
∂qk

∂q̃j
∂qk

∑
cij(q)∂qj

?= ∂q̃i

Oktupole
[
∂b,∂s,∂ω

]→ [
∂b,∂s,Sk

]
, ∂s=∂fs

lub ∂gs

Sx =−cosψ

sinθ
∂φ+ sinψ∂θ+cosψctgθ∂ψ

Sy =
sinψ

sinθ
∂φ+cosψ∂θ− sinψctgθ∂ψ

Sz = ∂ψ
Sk — generatory prawej regularnej reprezentacji grupy SO(3), (TRf )(S) = f (SR)

Operatory fizyczne S(ph)

k = iSk
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Tensor metryczny

Zmienne (am,bm)
gR = I7 → ∑

m
ȧ2

m +∑
m

ḃ2
m

Zmienne αµ
(gC )µν = (−1)µδµ,−ν → ∑

µ
α̇µα̇

∗
µ

Przypadek F , (ḃ, ḟs,η)

gF =
(

I4 M12

MT
12 M22

)

M12 =


0 0 0
0 −3fz/2 3fy/2

3fz/2 0 3fx/2
−3fy/2 3fx/2 0


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Tensor metryczny QC

Kwadrupole (ȧ20, ȧ22,η)

gquad =


1 0 0 0 0
0 1 0 0 0
0 0 (a22+

p
3a20)2 0 0

0 0 0 (a22−
p

3a20)2 0
0 0 0 0 4a2

22


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Tensor metryczny, cd.

Nowa baza w przestrzeni stycznej

Wk,f = Sk +Λk,f

Λ1,f = 3(fy∂fz
− fz∂fy

)/2

Λ2,f = 3(fz∂fx
− fx∂fz

)/2

Λ3,f = 3(fx∂fy
− fy∂fx

)/2

Teraz

gF =
(

I4 M12

MT
12 M22

)
→ g ′

F =
(

I4 0

0 Tf

)

Tf =
1

4

16b2 +15fy
2 +15fz

2 15fxfy +8
p

15bfz 8
p

15bfy +15fxfz

15fxfy +8
p

15bfz 16b2 +15fx
2 +15fz

2 8
p

15bfx +15fyfz

8
p

15bfy +15fxfz 8
p

15bfx +15fyfz 16b2 +15fx
2 +15fy

2


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Własności analityczne, cd.

Przypadek F

αµ = Aµ(ω)b+ ∑
s=x,y,z

Fµs(ω)fs

∑
µG∗

µs(ω)αµ = 0 (gs)

b =∑
µA∗

µ(ω)αµ

fs =
∑
µF∗

µs(ω)αµ

∂

∂αµ
= A∗

µ

∂

∂b
+∑

s
F∗
µs

∂

∂fs
+ 1

df

∑
k

x∗
k,f Wk,f

x1,f = Gµx

(
15f 2

x

4
−4b2

)
+Gµy

(p
15bfz −

fxfy

4

)
+Gµz

(p
15bfy −

fxfz

4

)
. . .
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Energia kinetyczna, SKE

Operator Laplace’a (-Beltramiego)

W bazie współrzędnościowej

∆W = 1√
detg

∑
ij

∂

∂qi

√
detg g ij ∂W

∂qj

∑
µ

∂

∂αµ

∂

∂α∗
µ

= ∂2

∂a2
0

+ ∑
m=1,2,3

( ∂2

∂a2
m

+ ∂2

∂b2
m

)
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Operator Laplace’a-Beltramiego w bazie NC

∆f = divgradf

divY =∑
k

(XkY k +∑
j
Γ

j
kjY

k) =∑
k

(Xk +Ωk)Y k

Xk — wektory bazowe w przestrzeni stycznej, Ωk =∑
jΓ

j
kj

Dla baz współrzędnościowych Xk = ∂qk
i Ωk = ∂qk

ln
√

detg

Ogólniej

Γijk = 1

2
(gij,k +gik,j −gjk,i + cijk + cikj − cjki)

gij,k = Xkgij

[Xi,Xj] =
∑
m

cm
ij Xm, cijk =∑

m
gkmcm

ij

Γm
kj = (g−1)miΓikj
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SKE w zmiennych wewnętrznych, F

∑
µ

∂

∂αµ

∂

∂α∗
µ

= 1

df

∂

∂b
df

∂

∂b
+∑

s

1

df

∂

∂fs
df

∂

∂fs
+ 1

df

∑
k,j

Wk,f M (f )
kj df Wj,f

df = 8
(
b3 −15b(f 2

x + f 2
y + f 2

z )/16+15
p

15fxfyfz/32
)

Wk,f = Sk +Λk,f

Λ1,f = 3(fy∂fz
− fz∂fy

)/2

...

M (f ) = T−1
f
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Operator momentu pędu

L1κ(α,∂α) =−2
p

7
∑
µν

(3µ3ν|1κ)αµ
∂

∂α∗
ν

Zmienne wewnętrzne

L1κ =D1
κ0(ω)S(ph)

z +D1
κ1(ω)

(
−S(ph)

x + iS(ph)
y

)
/
p

2+D1
κ,−1(ω)

(
S(ph)

x + iS(ph)
y

)
/
p

2

S(ph)
x,y,z zależą tylko od (ω,∂ω)

To nie przypadek

αµ =
∑
νDµν(Ω−1)α̃ν

b =∑
µA∗

µ(ω)αµ =
∑
µ,νA∗

µ(ω)Dµν(Ω−1)α̃ν =
∑
νA∗

ν(ω◦Ω)α̃ν

fs =
∑
µF∗

µs(ω)αµ = . . . =∑
νF∗

νs(ω◦Ω)α̃ν

0 =∑
µG∗

µs(ω)αµ = . . . =∑
νG∗

νs(ω◦Ω)α̃ν −→ (b, fs,ω) → (b, fs,ω̃=ω◦Ω)
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Funkcje tensorowe na przestrzeni kolektywnej

Elementarne tensory
t(n)

l = [α× . . . ×α︸ ︷︷ ︸
n

]l

QC. Elementarne skalary l = 0, n = 2,3

[α2 ×α2]0 ∼β2, [[α2 ×α2]2 ×α2]0 ∼β3 cos3γ

Oktupole. Elementarne skalary, l = 0, n = 2,4,6,10,15

t(2)
0 =− 1p

7
(b2 +σ2)

t(4)
0 = 1

84
p

5

(
16σ4 −13σ42 +80b2σ2 +24

p
15bσ3

)

σ2 = f 2
x + f 2

y + f 2
z , σ4 = f 4

x + f 4
y + f 4

z , σ6 = f 6
x + f 6

y + f 6
z

σ3 = fxfyfz, σ42 = f 2
x f 2

y + f 2
y f 2

z + f 2
x f 2

z
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Ogólny Hamiltonian

H(α,∂α) =− 1

2W (α)

∑
µ,ν

∂

∂αµ
W (α)B−1

µν(α)
∂

∂αν
+V (α),

zwykle W (α) =
√

det(Bµν(α)).

Bµν(α)

Ï symetryczny i dodatnio okrślony (w zmiennych rzeczywistych)
Ï można go rozłożyć na tensory

Bµν(α) = ∑
λ=0,2,4,6

(3µ3ν|λκ)τλκ(α)

Ï 28 niezależnych składowych (nawet w zmiennych wewnętrznych)
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Uwagi końcowe

Ï Kwadrupol plus oktupol
Ï Proste, nietrywialne przypadki
Ï Obliczenia mikroskopowe

Ï Nature, 497 (2013) 199, Studies of pear-shaped nuclei using accelerated
radioactive beams

Going pear-shaped
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