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Iden$cal	bands	23	years	ago:	
recognized	but	not	understood	(and	abandoned)	
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“In	par$cular,	the	reduc$on		of	the	BCS	pairing	correla$ons	due	to	the	blocking			
of	one	and	two	orbitals	implies	large	changes	(up	to		30%)	in	the	moments		of	iner$a		
and	cannot	be	reconciled	with	these	[iden$cal	band]	systema$cs.”	
	



Symmetric-top	model:		
quantum	numbers		

R&W	Fig.	1.46	

the z-axis and the 3-axis 
are not in a rigidly  
oriented relationship 

R:	collec$ve	angular	momentum	
	
J:	intrinsic	spin	
	
I:	total	spin	/	angular	momentum	
	
M:	laboratory-frame,	
								z-component	of I 
	
K:		body-frame	(symmetry	axis),	
							3-component	of	I;	K	=	Ω 

“Coriolis”	interac$on:	
		R�R	= (I – J)�(I –J)  
          =  I�I - 2 I�J + J�J 

J 
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1.8 Low-energy collective structure in odd nuclei

same energy. However, if the potential is allowed to become spheroidal, the states
of |≠| = 1/2, 3/2, 5/2, . . . , separate in energy. For a prolate spheroidal potential,
the |≠| = 1/2 orbital lies lowest and the energy increases with increasing |≠|. This
is due to the fact that the density distribution of a single-particle state of low |≠|
fits more readily inside an equipotential surface of a prolate potential than in an
equipotential surface of an oblate potential, and vice-versa. This is shown in Figure
1.70 for a 1h11/2 single-particle state. For more than one available shell-model j
orbital, mixing of configurations with the same ≠º value from diÆerent j orbitals
occurs.

The Nilsson model is essentially a deformed version of the single-particle shell
model. It replaces the spherical harmonic oscillator potential of Equation (1.13)
with a spheroidal potential. Thus, for deformed nuclei, the spherically symmetric
single-particle Hamiltonian of Equation (1.19) is replaced by an axially symmetric
Nilsson model Hamiltonian

ĥ :=
p̂2

2M
+ 1

2M
£

!2
?(x̄

2 + ȳ2) + !2
z z̄

2
§

+Dl̂2 + ª l̂ · ŝ, (1.58)

where the x̄, ȳ and z̄ coordinates are defined relative to the intrinsic axes of the
rotor.

An equipotential surface for this Hamiltonian is a spheroid with semi axes Rx =
Ry = R?, Rz related by the equation

!2
?R

2
x = !2

?R
2
y = !2

zR
2
x. (1.59)

For consistency, !? and !z, should be chosen such that the shape of this equipo-
tential surface approximates the shape of a corresponding equidensity surface of
the deformed core. Thus, based on the constancy of the nuclear matter density in
the interior of a nucleus, it is appropriate to express the frequencies of the Nilsson
model Hamiltonian in terms of a volume-conserving scale transformation

!? = !0e
≤/3, !z = !0e

°2≤/3, (1.60)

for which !x!y!z = const. := !3
0 (cf. Exercises (1.34) and (1.35)). When ≤ > 0,

the equipotential surface is then a prolate spheroid and when ≤ < 0 it is oblate.
The total Hamiltonian for a nucleon coupled to the states of a K = 0 ground-

state rotational band of an even-nucleus core is given by

Ĥ :=
~2R̂2

2= + ĥ, (1.61)

where R̂ is the angular momentum of the rotor (cf. Equation (1.43)). If ĵ denotes
the angular momentum of the odd nucleon and Î := R̂ + ĵ is the total angular
momentum of the odd-mass nucleus, then

Ĥ =
~2Î2

2= + ĥ+
~2ĵ2

2= ° ~2

= Î · ĵ. (1.62)
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The	key	concept	for	modeling	deformed	nuclei:	
the	symmetric-top	+	Nilsson	model	
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Ĥ :=
~2R̂2
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2 + ȳ2) + !2
z z̄

2
§

+Dl̂2 + ª l̂ · ŝ, (1.58)
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~2ĵ2

2= ° ~2
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momentum of the odd-mass nucleus, then
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“coupling”	=	add	Hamiltonians	
(wave	func$ons	will	be	direct	products)	
	

“coupling”	=	add	spins/angular	momenta	
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1.8 Low-energy collective structure in odd nuclei

Er isotopes show a loss of the strongly-coupled pattern. The reduction of strong
coupling is termed decoupling.

Decoupling is a consequence of the Coriolis interaction, given in Equation 1.39.
Its expectation value reduces to °(~2/=)h~I ·~ji for a spheroidal (axially symmetric)
nucleus. The Coriolis interaction cannot be neglected if = is small or if h~I · ~ji is
large. The systematic behaviour shown in Figure 1.72 is attributed to a decreasing
deformation (decreasing =) with decreasing mass and a consequent increase in the
influence of the Coriolis interaction. The Coriolis interaction evidently favours the
alignment of ~j with ~I. This “rotation alignment” eÆect of the Coriolis interaction
opposes the “deformation alignment” of the spheroidal potential (cf. Figures 1.70
and 1.71) which favours the alignment of the probability density distribution of
the particle with that of the slowly rotating rotor core. (Fuller details of Coriolis
decoupling will be given in Volume 2.)

Coriolis decoupling provides an explanation for the irregularities of the rotational
bands built on the 371 and 627 keV states of 175Lu (cf. Figure 1.69). These two
bands have |≠| = 1/2 ( equal to the lowest spin in each band). In fact, the Coriolis
interaction is invariably important for |≠| = 1/2 bands. This is because it makes
diagonal contributions to the energies of |≠| = 1/2 states; a fact that becomes evident
when h~I ·~ji is expressed in the form

h~I ·~ji = h1
2
(Î+ĵ° + Î°ĵ+) + Îz ĵzi. (1.68)

One finds that the operator Î+ĵ° + Î°ĵ+ has non-zero matrix elements between
the ≠ = ±1/2 components of a |≠| = 1/2 rotational state. The modified rotational
energy formula that results is

EI = E0 +A[I(I + 1) + (°1)I+1/
2(I + 1/2) a ±K,1/

2

], (1.69)

where a, the so-called decoupling parameter, is characteristic of the intrinsic state
of the nucleus. (This will be discussed in more detail in Volume 2.)

Exercises

1.29 Obtain values of a that appear in Equation (1.69) by fitting this equation to the
bands in 175Lu built on the 353 and 627 keV states shown in Figure 1.69.

1.30 Obtain = for the bands shown in Figure 1.69 and compare with 174Yb (Figure
1.60).

1.31 Plot EI vs. I(I + 1) for the band shown in Figure 1.68.

1.32 For the nuclei with N = 91 in Figure 1.43, use the Nilsson model diagram, Figure
1.71, to identify N , nZ , § quantum numbers.

1.33 Identify the Nilsson configurations, [N,nZ ,§], associated with the bands shown
in Figure 1.69.
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Nilsson	model	plus	rota$ons	
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1.7 Low-energy collective structure in doubly-even nuclei

molecules and symmetric top molecules will be discussed in Volume 2). Thus,
within the framework of the rotor model, one interprets the even-I spin sequence as
implying a reflection symmetry of the nuclear rotor in a plane perpendicular to its
symmetry axis. An implication of such a symmetry is that the states |KIMi and
|°K, IMi appear in linear combination

|KIMi+ "(°1)I+K |°K, IMi, (1.50)

where " = ±1 according as the intrinsic wave function is symmetric or antisymmetric
under rotation through an angle º about an axis perpendicular to the symmetry
axis. One sees that, for a symmetric (" = 1) combination, the states of odd I vanish
when K = 0; only even values of I survive. For " = °1, a K = 0 band has an odd-I
only spin sequence; such bands are also seen.

In addition to their characteristic I(I +1) spectra, some distinguishing features
of a rotational nucleus are the huge values of the quadrupole moments of its I > 1
states. These are given in the rotor model by the product of an intrinsic quadrupole
moment, Q̄0(ÆK), characteristic of the rotor band, and a geometric factor which
depends on the angular momentum of the particular state;

Q(ÆKI) =
3K2 ° I(I + 1)

(I + 1)(2I + 3)
eQ̄0(ÆK), (1.51)

where Æ distinguishes bands with the same K. (Note, that as I increases for a given
K, Q(ÆKI) will change sign for K > 1/2.) The intrinsic quadrupole moment of a
rotational state can also be determined from the E2 transition rates between the
states of a rotor band, which have B(E2) values given by

B(E2;ÆKIi ! ÆKIf ) =
5

16º
(IiK, 20|IfK)2e2|Q̄0(ÆK)|2, (1.52)

where (IiK, 20|IfK) is a Clebsch-Gordan coe±cient.

1.7.3 Low-energy vibrational states in doubly-even nuclei

Figure 1.47 shows states at low energy in the singly-closed shell nucleus 118Sn that
are strongly excited in inelastic electron scattering. From the strength of excitation,
it is deduced that the first excited state at 1.23 MeV is a collective quadrupole
excitation and the excited state at 2.33 MeV is a collective octupole excitation. The
Iº = 4+ states at 2.28, 2.49, and 2.73 MeV indicate some hexadecapole collectivity,
but it is fragmented.

To infer the characters of collective excitations, such as seen in Figure 1.47,
it is necessary to consider them within the context of a larger pattern of states.
Figure 1.48(a) shows the states in 114,116,118Sn that have strong electric quadrupole
transitions to the first 2+ states.

The pattern is approximately that of a harmonic vibrator in all three nuclei.
Recall (Section 1.7.1) that, for harmonic vibrations, one expects a degenerate two-
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ε	=	+1	reflec$on	symmetric	
ε	=	-1	reflec$on	asymmetric	

δK,1/2 = 1, K = ½ 
δK,1/2 = 0 otherwise	

I+ := Ix + iIy , I- = Ix - iIy 
j+ := jx + ijy,  j- = jx - ijy  
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1.8 Low-energy collective structure in odd nuclei

same energy. However, if the potential is allowed to become spheroidal, the states
of |≠| = 1/2, 3/2, 5/2, . . . , separate in energy. For a prolate spheroidal potential,
the |≠| = 1/2 orbital lies lowest and the energy increases with increasing |≠|. This
is due to the fact that the density distribution of a single-particle state of low |≠|
fits more readily inside an equipotential surface of a prolate potential than in an
equipotential surface of an oblate potential, and vice-versa. This is shown in Figure
1.70 for a 1h11/2 single-particle state. For more than one available shell-model j
orbital, mixing of configurations with the same ≠º value from diÆerent j orbitals
occurs.

The Nilsson model is essentially a deformed version of the single-particle shell
model. It replaces the spherical harmonic oscillator potential of Equation (1.13)
with a spheroidal potential. Thus, for deformed nuclei, the spherically symmetric
single-particle Hamiltonian of Equation (1.19) is replaced by an axially symmetric
Nilsson model Hamiltonian

ĥ :=
p̂2

2M
+ 1

2M
£

!2
?(x̄

2 + ȳ2) + !2
z z̄

2
§

+Dl̂2 + ª l̂ · ŝ, (1.58)

where the x̄, ȳ and z̄ coordinates are defined relative to the intrinsic axes of the
rotor.

An equipotential surface for this Hamiltonian is a spheroid with semi axes Rx =
Ry = R?, Rz related by the equation

!2
?R

2
x = !2

?R
2
y = !2

zR
2
x. (1.59)

For consistency, !? and !z, should be chosen such that the shape of this equipo-
tential surface approximates the shape of a corresponding equidensity surface of
the deformed core. Thus, based on the constancy of the nuclear matter density in
the interior of a nucleus, it is appropriate to express the frequencies of the Nilsson
model Hamiltonian in terms of a volume-conserving scale transformation

!? = !0e
≤/3, !z = !0e

°2≤/3, (1.60)

for which !x!y!z = const. := !3
0 (cf. Exercises (1.34) and (1.35)). When ≤ > 0,

the equipotential surface is then a prolate spheroid and when ≤ < 0 it is oblate.
The total Hamiltonian for a nucleon coupled to the states of a K = 0 ground-

state rotational band of an even-nucleus core is given by

Ĥ :=
~2R̂2

2= + ĥ, (1.61)

where R̂ is the angular momentum of the rotor (cf. Equation (1.43)). If ĵ denotes
the angular momentum of the odd nucleon and Î := R̂ + ĵ is the total angular
momentum of the odd-mass nucleus, then

Ĥ =
~2Î2

2= + ĥ+
~2ĵ2

2= ° ~2

= Î · ĵ. (1.62)
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1.8 Low-energy collective structure in odd nuclei

Er isotopes show a loss of the strongly-coupled pattern. The reduction of strong
coupling is termed decoupling.

Decoupling is a consequence of the Coriolis interaction, given in Equation 1.39.
Its expectation value reduces to °(~2/=)h~I ·~ji for a spheroidal (axially symmetric)
nucleus. The Coriolis interaction cannot be neglected if = is small or if h~I · ~ji is
large. The systematic behaviour shown in Figure 1.72 is attributed to a decreasing
deformation (decreasing =) with decreasing mass and a consequent increase in the
influence of the Coriolis interaction. The Coriolis interaction evidently favours the
alignment of ~j with ~I. This “rotation alignment” eÆect of the Coriolis interaction
opposes the “deformation alignment” of the spheroidal potential (cf. Figures 1.70
and 1.71) which favours the alignment of the probability density distribution of
the particle with that of the slowly rotating rotor core. (Fuller details of Coriolis
decoupling will be given in Volume 2.)

Coriolis decoupling provides an explanation for the irregularities of the rotational
bands built on the 371 and 627 keV states of 175Lu (cf. Figure 1.69). These two
bands have |≠| = 1/2 ( equal to the lowest spin in each band). In fact, the Coriolis
interaction is invariably important for |≠| = 1/2 bands. This is because it makes
diagonal contributions to the energies of |≠| = 1/2 states; a fact that becomes evident
when h~I ·~ji is expressed in the form

h~I ·~ji = h1
2
(Î+ĵ° + Î°ĵ+) + Îz ĵzi. (1.68)

One finds that the operator Î+ĵ° + Î°ĵ+ has non-zero matrix elements between
the ≠ = ±1/2 components of a |≠| = 1/2 rotational state. The modified rotational
energy formula that results is

EI = E0 +A[I(I + 1) + (°1)I+1/
2(I + 1/2) a ±K,1/

2

], (1.69)

where a, the so-called decoupling parameter, is characteristic of the intrinsic state
of the nucleus. (This will be discussed in more detail in Volume 2.)

Exercises

1.29 Obtain values of a that appear in Equation (1.69) by fitting this equation to the
bands in 175Lu built on the 353 and 627 keV states shown in Figure 1.69.

1.30 Obtain = for the bands shown in Figure 1.69 and compare with 174Yb (Figure
1.60).

1.31 Plot EI vs. I(I + 1) for the band shown in Figure 1.68.

1.32 For the nuclei with N = 91 in Figure 1.43, use the Nilsson model diagram, Figure
1.71, to identify N , nZ , § quantum numbers.

1.33 Identify the Nilsson configurations, [N,nZ ,§], associated with the bands shown
in Figure 1.69.
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1.8 Low-energy collective structure in odd nuclei

when ~!z°~!? ¿ hDl̂2+ª l̂·ŝi, the mixing of diÆerent eigenstates of ĥ≤ is small and
the single-particle energies are defined by the good (asymptotic) quantum numbers
N , nz, § (the eigenvalue of l̂z̄), and ≠ (the eigenvalue of ĵz̄).

A Nilsson model energy level diagram for the 50 < Z < 82 deformed region is
shown in Figure 1.71. As expected, each energy level is two-fold degenerate which
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Fig. 8. Alignments in 183Re: (a) 1-quasiparticle bands; (b) multi-quasiparticle bands.
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EI = E0 + AI(I+1) - 2A<I�J> 
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MISCONCEPTION:	commonly,	use	
				A = ΔEI,I-2  / (4I – 2) 
  --yields	an	odd-even	staggering	and	conclusion	that		
the	unpaired	nucleon	blocks	pairing	which	is		
important	for	magnitudes	of	moments	of	inertia.	
CORRECTION:	use	
				A	=	Δ2EI,I-2  / 8 
CONCLUSION:	no	influence	of	pairing	on		
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“Coriolis”	contribu$on	to	energy	differences	
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CONCLUSIONS	
•  Odd-mass	nuclei	exhibit	bands	that	differ	from	the	neighboring	even-even	

nucleus	ground-state	bands	by	an	“alignment”	term	described	by	I�j.		
						Except	for	this	difference,	the	bands	are	iden-cal*.		
	
						CONSEQUENTLY,	there	is	no	evidence	for:	
•  odd-par$cle	“blocking”	of	correla$ons	involved	in	the	even-even	core	

collec$vity;	
•  “deforma$on-driving”	effects	caused	by	the	odd	par$cle;	
•  “Coriolis”	alignment	effects	(which	should	scale	with	increasing	rota$onal	
						frequency).		
			
*There	are	small	differences	which	can	probably	be	avributed	to	band	
			mixing.	
			
	



So	why	are	“moments	of	iner$a”	
varying	with	spin?	
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Data:	
175Lu		Skensved	et	al.,	NP	A366		125		1981	
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Failure	of	a	simple	model	

•  Rotor	models	require	moment(s)	of	iner$a	
•  “Moments	of	iner$a”	change	with	spin--data	
•  Intrinsic	quadrupole	moments	do	not	change	
with	spin--data	

•  Pairing	does	not	play	a	role	in	magnitudes	of	
moments	of	iner$a—data	(present	message)	

•  SO	WHAT	IS	CHANGING?		
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Abstract

The phenomenological symplectic model with a Davidson potential is used to construct
rotational states for a rare-earth nucleus with microscopic wave functions. The energy levels and

Ž .E2 transitions obtained are in remarkably close agreement to within a few percent with those of
the rotor model with vibrational shape fluctations that are adiabatically decoupled from the

Ž .rotational degrees of freedom. An analysis of the states in terms of their SU 3 content shows that
Ž .SU 3 is a very poor dynamical symmetry but an excellent quasi-dynamical symmetry for the

model. It is argued that such quasi-dynamical symmetry can be expected for any Hamiltonian that
reproduces the observed low-energy properties of a well-deformed nucleus, whenever the latter are
well-described by the nuclear rotor model. q 2000 Elsevier Science B.V. All rights reserved.

PACS: 03.65.Fd; 05.70.Fh; 21.60.Fw; 21.60.Ev
Ž .Keywords: Dynamical symmetry; Quasi-dynamical symmetry; Symplectic model; SU 3 ; Shell

model; Nuclear Structure

1. Introduction

A microscopic theory of nuclear structure would be very incomplete without a
satisfactory description of nuclear rotational states in terms of many-nucleon quantum

w xmechanics. However, while the states of a truly rigid rotor can be handled with ease 1 ,
they do not have square-integrable wave functions in either a spherical vibrational-model
or many-nucleon Hilbert space. Moreover, the expansion of liquid-like, soft-rotor, wave
functions on any spherical basis is slowly convergent. This means that many major
shells are required for a realistic shell-model theory of nuclear rotational states. It also
means that a realistic calculation of nuclear rotational states in terms of interacting
nucleons, without a priori knowledge of the kinds of correlations to expect, is an
impossibly difficult task. The fact remains that nuclear rotational bands are exceedingly
simple; they are essentially characterized by a few intrinsic quadrupole moments and

0375-9474r00r$ - see front matter q 2000 Elsevier Science B.V. All rights reserved.
Ž .PII: S0375-9474 99 00394-2

	“A	par$cularly	interes$ng	challenge	was	to	learn	how	a	model,	without	pair	correla$ons,	
could	give	correct	moments	of	iner$a	when	it	is	known	that	the	cranking	model	is	
	only	successful	when	pairing	correla$ons	are	included.	The	early	calcula$ons	of	Park	et	
al.	indicated	that	the	dominant	contribu$on	to	rota$onal	energies	came	from	the	
poten$al	energy	part	of	the	Hamiltonian,	thus	calling	into	ques$on	the	very	concept	of	
the	moment	of	iner$a	as	an	inverse	coefficient	of	the	L2		term	in	the	kine$c	energy.	The	
results	of	the	present	calcula$on	indicate	that	the	inclusion	of	only	stretched	states,	as	in	
the	calcula$on	of	Park	et	al.,	tends	to	exaggerate	this	effect.	Nevertheless,	it	confirms	
that	the	dominant	component	of	the	rota$onal	energies	comes	from	the	poten$al	energy;	
for	the	self-consistent	value	of	x		only	about	20%	of	the	rota$onal	energy	comes	from	
the	kine$c	energy	in	the	present	calcula$on.”	

#	

#--1984	



Models	with	I	(	I	+	1)	spectra,	
but	without	rota$onal	kinema$cs	

•  Elliov	model:	
					HElliov	=	Hshell	model	+	κ	Q�Q	
•  Interac$ng	boson	model:		
					Hboson	=	Hone-body	boson	+	Vboson-boson	(=	Q�Q)	
•  Symplec$c	shell	model:		
					Hsymplec$c	=	HSU(3)	+	κ	Q�Q	+	VΔN=2	(GMR;	GQR)	
				GMR=	giant	monopole	resonance	
						GQR=	giant	quadrupole	resonance	



A	new	universal	model	perspec?ve:	
shell,	SU(3)	and	mul?-shell,	Sp(3,R)	structure	

model, or by mixing of ð!;"Þ irreps [see, e.g., Thiamova,
Rowe, and Wood (2006)], or by mixing of Spð3; RÞ irreps
[see, e.g., Rowe, Vassanji, and Carvalho (1989)]. Mixing
within an Spð3; RÞ irrep is of particular interest because it
retains Spð3; RÞ as a dynamical symmetry (with all of its
algebraic structure available for the calculation of matrix
elements), but can produce observed collective quadrupole
strength without the need for effective charges. Indeed, this
allows one to restrict the full microscopic shell-model space
of the nucleus to the most important modes of collective
dynamics.

A doubly closed shell nucleus, such as 16O, possesses the
ground-state irrep ð!;"Þ ¼ ð0; 0Þ and its Spð3; RÞ collective
degrees of freedom are restricted to just the giant monopole
and quadrupole resonances. However, the first-excited state is
ð!;"Þ ¼ ð8; 4Þ (Rowe, Thiamova, and Wood, 2006) and it
possesses a highly collective band.

A leading challenge for the symplectic collective model
and its SU(3) submodel is identifying the lowest-energy
irreps in a given nucleus when the nucleon number is large.
This is a trivial task in the rotor model, and in the interacting
boson model it is dictated by a simple recipe [the number of
SU(6) bosons is given by counting the number of valence
nucleon pairs from the nearest closed shells]. An effective
way to address this challenge for strongly deformed struc-
tures has been put forward by Jarrio, Wood, and Rowe
(1991) and Carvalho and Rowe (1992), and ways to extend
this method to weakly deformed structures have been sug-
gested by Hess et al. (2002). Following ideas by Cseh and
Scheid (1992), extension to cluster structures may also be in
reach.

From the perspective of the Bohr model and its full alge-
braic realization, the algebraic collective model (ACM)
(Rowe, Welsh, and Caprio, 2009; Rowe and Wood, 2010),
Spð3; RÞ provides the means to look beyond this foundational
model of nuclear structure.

We add a few more observations regarding where we see
developments occurring:

$ The rapid advances in achieving a unified perspective of
nuclear structure in low-A nuclei via no-core shell-
model techniques and the prospect of carrying out
calculations in all nuclei with the symplectic no-core
shell model (Dytrych et al., 2008) promises an exciting
future for nuclear structure theory. Indeed, such

theoretical developments will be highly demanding of
experimental techniques for identifying such structures.

$ Mean-field techniques are reaching unimagined levels
of sophistication from the perspective of our earlier
reviews. These techniques can straightforwardly suggest
some of the shapes expected in mass regions far from
stability.

$ The nuclear shell model has reached an extraordinarily
high level of sophistication, combining the construction
of highly efficient algorithms with increased computing
power, to obtain the energies and wave functions of the
lowest-lying excited states, even going up to high-spin
values. There is clearly room for exploring new trunca-
tion methods to the nuclear eigenvalue problem.

$ A topic for future investigation of nuclear structures
involving different shapes is the correlations involved.
Pairing is not naturally incorporated into the symplectic
models. Mean-field techniques emphasize independent-
particle degrees of freedom in their use of Slater deter-
minants. Indeed, we have undertaken in this review to
point to correlations (cf. Figs. 29, 30, 36, and 37) that
may well be indicators of important components of
coexisting structures.

$ To carry out symplectic model calculations for compari-
son with data in heavy nuclei requires the identification
of the SU(3) irreps that dominate low-lying collective
structures in heavy nuclei and the important interactions
that mix these irreps. The application of such a program
to shape coexistence in heavy nuclei is a leading re-
search challenge for nuclear structure. There is an im-
portant role to be played by phenomenological band
mixing applied to data, e.g., in the analysis of interband
E0 and E2 transition strengths in the first steps of such a
program to reveal details of the underlying coexisting
structures.

IV. CONCLUSIONS AND OUTLOOK

There has been a shift in perspective on shape coexistence
since %30 years ago (the first review was in 1983) from an
exotic phenomenon occurring in just a few mass regions to its
presence in almost all nuclei. The balance between shell and
subshell energy gaps (an independent-particle effect) and

FIG. 52. The vertical shells of the symplectic collective model, labeled by the number of oscillator quanta and the quantum numbers of the
SU(3) subgroup of the model. Some details are discussed in the text. Adapted from Rowe (1985) and Carvalho et al. (1986).
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Work	in	a	Cartesian	harmonic	oscillator	basis:	{nx	ny	nz}	
			N	=	nx	+	ny	+	nz	,			λ		~		2nz	-	nx	-	ny		,	μ		~		nx	–	ny		-	-		SU(3)	shell	“cores”.	
	
Allow	2	ħω	admixtures	of	L	=	0,	2	[GMR,	GQR]	configura$ons.	
	
The	spin-orbit	and	pairing	interac$ons	are	perturba$ons.	

D.J.	Rowe,	A.E.	McCoy,	and	M.A.	Caprio,	Phys.	Scr.	91	(2016)	033003	



CONCLUSION	

•  We	are	at	the	end	of	the	beginning	
•  Now	begins	the	middle	
		(of	the	study	of	the	nuclear	many-body	problem)	


